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Rokhlin Property for Group Actions
on Hilbert C∗-modules
Santanu Dey, Hiroyuki Osaka and Harsh Trivedi
Abstract
We introduce Rokhlin properties for certain discrete group actions on C∗-
correspondences as well as on Hilbert bimodules and analyze them. It turns out
that the group actions on any C∗-correspondence E with Rokhlin property in-
duces group actions on the associated C∗-algebra OE with Rokhlin property and
the group actions on any Hilbert bimodule with Rokhlin property induces group
actions on the linking algebra with Rokhlin property. Permanence properties of
several notions such as nuclear dimension and D-absorbing property with respect
to crossed product of Hilbert C∗-modules with groups, where group actions have
Rokhlin property, are studied. We also investigate a notion of outerness for Hilbert
bimodules.
AMS 2010 Subject Classification: 46L08, 46L35, 46L40, 46L55.
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modules, linking algebras, nuclear dimension, Rokhlin property, self-absorbing C∗-
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1 Introduction
Elliott in [6] initiated the classification program for nuclear C∗-algebras
based on the K-theory of C∗-algebras. Many aspects of the modern approach to this
program are described in the monograph [32] by Rørdam. In [7], Elliott and Toms
discussed the importance of the following regularity properties in the modern study of the
classification program: strict comparison, finite decomposition rank, and Z-absorbing
where Z is the Jiang-Su algebra which is the first object in the category of strongly self-
absorbing C∗-algebras. Toms and Winter gave a plausible conjecture: If A is a unital
simple nuclear separable infinite dimensional C∗-algebra, then the following statements
are equivalent:
(1) A has finite nuclear dimension;
(2) A is Z-stable;
(3) A has the strict comparison.
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The implications (1)⇒ (2) and (2)⇒ (3) have been proved by Winter [36] and Rørdam
[33], respectively. The implication (3) ⇒ (2) has been proved by several authors under
certain assumption, see [35].
The classification of the crossed products of C∗-algebras is a very challenging prob-
lem, i.e., if we start with a C∗-algebra of a particular type and a group action on it, then
it is difficult to predict the properties of their crossed product. The Rokhlin property
for group actions on C∗-algebras has significantly influenced the approaches taken in
the classification theory of C∗-algebras. Kishimoto [21] showed that the reduced crossed
product of a simple C∗-algebra, with respect to an outer action of a discrete group, is
simple. Herman and Ocneanu [10] defined the Rokhlin property of group actions on
C∗-algebras in terms of projections and this notion is stronger than the outerness. The
modern definition of the Rokhlin property is due to Izumi [13]. Several classes includ-
ing AF-algebras, AI-algebras, AT-algebras are closed under finite group actions with
the Rokhlin property (cf. [25]). An approach to the Rokhlin property, introduced by
Santiago [34], for finite group actions on not necessarily unital C∗-algebras (cf. [12, 24])
use positive contractions instead of projections. Note that when A is unital, using [34,
Corollary 1], we can replace orthogonal positive contractions by orthogonal projections
and get Izumi’s definition of Rokhlin property. We begin Section 2 with Santiago’s def-
inition and list there some classes that are preserved under crossed products by finite
group actions with this Rokhlin property.
In [29], from C∗-correspondences Pimsner constructed C∗-algebras which are known
as Cuntz-Pimsner algebras. The class of Cuntz-Pimsner algebras includes Cuntz alge-
bras, Cuntz-Krieger algebras and the crossed products by Z. For every C∗-correspondence
(E,A, φ), Katsura in [17] defined a C∗-algebra OE . The algebra OE is the same as the
Cuntz-Pimsner algebra when φ is injective. The algebras OE also generalize the crossed
product, as defined in [1], by Hilbert bimodules and graph algebras (cf. [8]). The graph
C∗-algebras of topological graphs can also be realized as OE for some C
∗-correspondence
(E,A, φ) (see [18] for details).
In Subsection 3.1 we define compatible action, (η, α), of a locally compact group
on a C∗-correspondence. Hao and Ng in [9] proved that each compatible action of
a locally compact group G on a C∗-correspondence (E,A, φ) induces an action of G
on the associated C∗-algebra OE . It is of interest to determine at least the sufficient
conditions under which for a compatible action (η, α) of G, permanence property is
exhibited by several notions related to this C∗-algebra, associated to the Hilbert module
with respect to the crossed product. We define the Rokhlin property for finite group
actions on C∗-correspondences in Subsection 3.2 and provide an answer of the above
question regarding sufficient conditions in Subsection 3.3 when G is finite.
For any class of unital and separable C∗-algebras C, Osaka and Phillips [25] intro-
duced the notion of local C-algebra. Santiago [34] extended this approach by considering
non-unital C∗-algebras. A notion of closed under local approximation is defined (see page
104) in terms of local C-algebra. If C denotes certain class of C∗-algebras such as purely
infinite C∗-algebras, simple stably projectionless C∗-algebras etc. listed in Theorem 2.3,
then C is closed under local approximation and under crossed product with a finite group
action with the Rokhlin property. As an application of the observation made in Section
4 we show that if an action (η, α) of a finite group G on (E,A, φ) has the Rokhlin
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property and OE belongs to one of the classes mentioned above, then OE×ηG belongs to
the same class (see Corollary 3.8). At the end of Section 3, we point out that the gauge
action on the graph C∗-algebra is saturated by [15, Theorem 6.3], but the corresponding
action on the C∗-correspondence does not have the Rokhlin property.
We introduce, in Section 4, the Rokhlin property for compatible finite group actions
on Hilbert bimodules and prove the following: If we realize a Hilbert A-module E as
a Hilbert K(E)-A bimodule, and if A belongs to a class C in the previous paragraph
and if a group action η of a finite group G on the Hilbert A-module E has the Rokhlin
property as a certain compatible action on the bimodule, then the linking algebra of the
crossed product Hilbert A×α G-module E ×η G belongs to the class C. To obtain this
result we first prove that any compatible action of a finite group G with the Rokhlin
property on a Hilbert bimodule induces an action of G with the Rokhlin property on
the linking algebra.
2 Rokhlin property for finite group actions on C∗-
algebras
In this section, first we recall the definition of the Rokhlin property for finite group
actions on a C∗-algebra, from [34], which involves positive contractions. The Rokhlin
property for finite group actions on C∗-algebras was studied by several authors [13, 24,
25, 28, 34], and it was proved that several classes of C∗-algebras are preserved under the
crossed product when the action of the group has the Rokhlin property. We list here
some such classes from [34].
Definition 2.1. Let α : G → Aut(A) be an action of a finite group G on a C∗-algebra
A. We say that α has the Rokhlin property if for any ǫ > 0 and every finite subset S
of A there exist orthogonal positive contractions (fg)g∈G ⊂ A satisfying
(1) ‖(
∑
g∈G fg)a− a‖ < ǫ for all a ∈ S,
(2) ‖αh(fg)− fhg‖ < ǫ for h, g ∈ G,
(3) ‖[fg, a]‖ < ǫ for g ∈ G and a ∈ S.
The elements (fg)g∈G are called Rokhlin elements for α.
Remark 2.2. When A is unital, α has the Rokhlin property in the sense of Izumi [13].
That is, we can take a partition of unity (eg)g∈G consisting of projections in place of
(fg)g∈G (see [34, Corollary 1]).
The following notions are borrowed from [25, 34]: Let C be a class of C∗-algebras.
A local C-algebra is a C∗-algebra A such that for every finite set S ⊂ A and every
ǫ > 0, there exists a C∗-algebra B in C and a ∗-homomorphism π : B → A such that
dist(a, π(B)) < ǫ for all a ∈ S. We say that C is closed under local approximation if every
local C-algebra belongs to C.
We recall the following result from [34] (cf. [26, 25, 28, 11, 20, 14]).
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Theorem 2.3. [34] The following classes are closed under local approximation and under
crossed product with finite group actions with the Rokhlin property, respectively:
(i) purely infinite C∗-algebras,
(ii) C∗-algebras having stable rank one,
(iii) C∗-algebras with real rank zero,
(iv) C∗-algebras of nuclear dimension at most n, where n ∈ Z+,
(v) separable D-absorbing C∗-algebras where D is a strongly self-absorbing C∗-algebra,
(vi) simple C∗-algebras,
(vii) simple C∗-algebras that are stably isomorphic to direct limits of sequences of C∗-
algebras, in a class S, where S is a class of finitely generated semiprojective C∗-
algebras that is closed under taking tensor products by matrix algebras over C,
(viii) separable AF-algebras,
(ix) separable simple C∗-algebras that are stably isomorphic to AI-algebras,
(x) separable simple C∗-algebras that are stably isomorphic to AT-algebras,
(xi) C∗-algebras that are stably isomorphic to sequential direct limits of one-dimensi-
onal noncommutative CW-complexes,
(xii) separable C∗-algebras whose quotients are stably projectionless,
(xiii) simple stably projectionless C∗-algebras,
(xiv) separable C∗-algebras with almost unperforated Cuntz semigroup,
(xv) simple C∗-algebras with strict comparison of positive elements,
(xvi) separable C∗-algebras whose closed two-sided ideals are nuclear and satisfy the
Universal Coefficient Theorem.
3 Rokhlin property for finite group actions on C∗-
correspondences
In this section we define and explore the Rokhlin property for a compatible group action
on a C∗-correspondence when the group is finite.
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3.1 C∗-correspondence
Let E be a vector space which is a right module over a C∗-algebra A and satisfying
α(xa) = (αx)a = x(αa) for x ∈ E, a ∈ A, α ∈ C. The module E is called an (right)
inner-product A-module if there exists a map 〈·, ·〉
A
: E × E → A such that
(1) 〈x, x〉
A
≥ 0 for x ∈ E and 〈x, x〉
A
= 0 only if x = 0,
(2) 〈x, ya〉
A
= 〈x, y〉
A
a for x, y ∈ E and for a ∈ A,
(3) 〈x, y〉
A
= 〈y, x〉∗
A
for x, y ∈ E,
(4) 〈x, µy + νz〉
A
= µ〈x, y〉
A
+ ν〈x, z〉
A
for x, y, z ∈ E and for µ, ν ∈ C.
An (right) inner-product A-module E is called (right) Hilbert A-module or (right)
Hilbert C∗-module over A if it is complete with respect to the norm
‖x‖ := ‖〈x, x〉
A
‖1/2 for x ∈ E.
If there is no ambiguity, we simply write 〈·, ·〉 instead of 〈·, ·〉
A
. The notion of Hilbert C∗-
module was introduced independently by Paschke [27] and Rieffel [31]. In [16], Kasparov
used Hilbert C∗-modules as a tool to study a bivariate K-theory for C∗-algebras. Below
we define the notion of C∗-correspondences which will play an important role in this
article.
Definition 3.1. Let A be a C∗-algebra. A right Hilbert A-module E is called a C∗-
correspondence over A if there exists a ∗-homomorphism φ : A → Ba(E) where Ba(E)
is the set of all adjointable operators on E, which gives a left action of A on E as
ay := φ(a)y for all a ∈ A, y ∈ E.
We use notation (E,A, φ) for the C∗-correspondence and denote by K(E) the C∗-algebra
generated by maps {θx,y : x, y ∈ E} defined by
θx,y(z) := x〈y, z〉 for x, y, z ∈ E.
In this article we work with a certain type of action, which we define below, of a
locally compact group on a C∗-correspondence:
Definition 3.2. Let (G,α,A) be a C∗-dynamical system of a locally compact group
G and let (E,A, φ) be a C∗-correspondence over A. An α-compatible action η of G
on E is defined as a group homomorphism from G into the group of invertible linear
transformations on E such that
(1) ηg(φ(a)x) = αg(a)ηg(x) for a ∈ A, x ∈ E, g ∈ G,
(2) 〈ηg(x), ηg(y)〉 = αg(〈x, y〉) for x, y ∈ E, g ∈ G,
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and g 7→ ηg(x) is continuous from G into E for each x ∈ E. We denote an α-compatible
action η by (η, α). In this case, we define a ∗-isomorphism Adηs : B
a(E) → Ba(E) for
each s ∈ G by
Adηs(T )(x) := ηs(T (ηs−1(x)) for T ∈ B
a(E), x ∈ E. (3.1)
Let G be a locally compact group and △ be the modular function of G. Let η be an
α-compatible action of G on the C∗-correspondence (E,A, φ). Then the crossed product
E ×η G (cf. [16, 5, 9]) is a Hilbert A×α G-module and is defined as the completion of
an inner-product Cc(G,A)-module Cc(G,E) where the module action and the Cc(G,A)-
valued inner-product are given by
l · g(s) =
∫
G
l(t)αt(g(t
−1s))dt, (3.2)
〈l, m〉
Cc(G,A)
(s) =
∫
G
αt−1(〈l(t), m(ts)〉A)dt, (3.3)
respectively for g ∈ Cc(G,A) and l, m ∈ Cc(G,E). For each s ∈ G the ∗-isomorphism
Adηs defined by Equation 3.1 satisfies Adηs(θx,y) = θηs(x),ηs(y) for x, y ∈ E, and
(G,Adη,K(E)) becomes a C∗-dynamical system. From Definition 3.2 (1) it follows that
φ : A →M(K(E)) is equivariant, i.e.,
φ(αs(a)) = Adηs(φ(a)) for all a ∈ A, s ∈ G.
Indeed, using Adηs we get another ∗-isomorphism Ξ : K(E ×η G) → K(E) ×Adη G (cf.
Section 3.11 of [16] and Section 2 of [9]) defined by
Ξ(θl,m)(s) :=
∫
G
θl(r),Adηs(m(s−1r)) △ (s
−1r)dr where l, m ∈ Cc(G,E), s ∈ G.
From the fact that φ : A →M(K(E)) is equivariant we get an equivariant ∗-homomorphism
χ : A×α G → M(K(E) ×Adη G) satisfying χ(f ⊗ a) = f ⊗ φ(a) for f ∈ Cc(G), a ∈ A.
We identify K(E ×η G) with K(E)×Adη G and treat χ and Ξ
−1 ◦ χ as same.
3.2 Rokhlin property for compatible finite group actions on
C∗-correspondences
Definition 3.3. Let (G,α,A) be a C∗-dynamical system of a finite group G on A and
let (E,A, φ) be a C∗-correspondence. Let (η, α) be an α-compatible action of G on E.
Then we say that η has the Rokhlin property if for each ǫ > 0, and finite subsets S1 and
S2 of E and A respectively, there exists (ag)g∈G ⊂ A consisting of mutually orthogonal
positive contractions such that
(1) ‖
∑
g∈G φ(ag)x− x‖ < ǫ, ‖
∑
g∈G xag − x‖ < ǫ,
‖
∑
g∈G aga− a‖ < ǫ and ‖
∑
g∈G aag − a‖ < ǫ for all x ∈ S1, a ∈ S2,
(2) ‖αh(ag)− ahg‖ < ǫ for h, g ∈ G,
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(3) ‖xag − φ(ag)x‖ < ǫ and ‖aga− aag‖ < ǫ for all x ∈ S1, a ∈ S2 and g ∈ G.
The following example is based on the construction of an action of Z2 on C0(X)
where X is equipped with a homeomorphism of order 2 defined on it:
Example 3.4. Let X = { 1
n
: n ∈ N} and the topology on X be discrete. Define a map
ψ : X → X by
ψ(1/(2n− 1)) := 1/(2n), ψ(1/(2n)) := 1/(2n− 1) for all n ∈ N.
Observe that ψ is a homeomorphism of order 2. Thus we obtain an automorphism
α : C0(X)→ C0(X) such that
α(g)(x) := g(ψ−1(x)) for each x ∈ X, g ∈ C0(X).
Indeed, α2 = idC0(X) and this provides an action of Z2 on C0(X) which we denote by α.
Let H be a Hilbert space and let C0(X,H) be the space of continuous H-valued functions
on X vanishing at infinity. The space C0(X,H) becomes a Hilbert C0(X)-module where
module action and inner product are defined as follow:
f · g(x) := g(x)f(x); 〈f, f ′〉(x) := 〈f(x), f ′(x)〉
for all f, f ′ ∈ C0(X,H), g ∈ C0(X). In fact, C0(X,H) becomes a C
∗-corresponden-
ce over C0(X) with the left action φ defined by
φ(g)f := f · g for all f ∈ C0(X,H), g ∈ C0(X).
Define η : C0(X,H)→ C0(X,H) by
η(f)(x) := f(ψ−1(x)) for all x ∈ X, f ∈ C0(X,H).
It follows that 〈η(f), η(f ′)〉 = α(〈f, f ′〉) for all f, f ′ ∈ C0(X,H). Moreover, η
2 =
idC0(X,H) and hence we get an induced α-compatible Z2 action on
(C0(X,H), C0(X), φ) say (η, α). The action (η, α) has the Rokhlin property in the
sense of Definition 3.3: Let a
(0)
n , a
(1)
n ∈ C0(X) be the characteristic functions of the
sets {1/(2k − 1) : 1 ≤ k ≤ n} and {1/(2k) : 1 ≤ k ≤ n}, respectively for each n ∈ N.
Note that these functions are continuous (because the given sets are open), α(a
(0)
n ) = a
(1)
n ,
and (a
(0)
n + a
(1)
n )n∈N is an approximate unit for C0(X). It is clear that a
(0)
n and a
(1)
n are
orthogonal. If (en)n∈N is an approximate unit for a C
∗-algebra A and E is a Hilbert
A-module, then (xen)n∈N converges to x for each x ∈ E. Hence (η, α) has the Rokhlin
property, for C0(X) is commutative.
For any subset S of a C∗-algebra, we use symbol S∗ to denote the set {x∗ : x ∈ S}.
Example 3.5. Let l2(A) be the direct sum of a countable number of copies of a C∗-
algebra A. The vector space l2(A) is known as the standard Hilbert C∗-module where
the right A-module action and the A-valued inner-product is given by
(a1, a2, . . . , an, . . .)a := (a1a, a2a, . . . , ana, . . .) and
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〈(a1, a2, . . . , an, . . .), (a
′
1, a
′
2, . . . , a
′
n, . . .)〉 :=
∞∑
i=1
a∗i a
′
i for all a, a1, a
′
1, a2, a
′
2 . . . ∈ A.
It is easy to note that (l2(A),A, φ) is a C∗-correspondence where the adjointable left
action φ : A → Ba(l2(A)) is defined as
φ(a)(a1, a2, . . . , an, . . .) = (aa1, aa2, . . . , aan, . . .) for all a, a1, a2, . . . ∈ A.
Let (G,α,A) be a finite group action. Define η : G→ Aut l2(A) by
ηt(a1, a2, . . . , an, . . .) := (αt(a1), αt(a2), . . . , αt(an), . . .)
where t ∈ G and (a1, a2, . . . , an, . . .) ∈ l
2(A). It is clear that η is an α-compatible action
of the group G on (l2(A),A, φ).
Next we show that if α has the Rokhlin property, then η has the Rokhlin property as
an α-compatible action of the group G on the C∗-correspondence (l2(A),A, φ).
Let ǫ > 0 and let S1 = {(a
j
1, a
j
2, . . . , a
j
n, . . .) : j = 1, 2, . . . , N} and S2 be finite
subsets of l2(A) and A respectively. Thus for each j, there exist positive integers N j
such that ‖
∑
n>Nj a
j∗
n a
j
n‖
1
2 < ǫ
2(|G|2+2|G|+1)
. Fix S ′1 := {a
j
n : n ≤ N
j , 1 ≤ j ≤ N}
and let K = (maxjN
j) + 1. Assume that α has the Rokhlin property for the finite set
S = S ′1 ∪ S
′∗
1 ∪ S2 ∪ S
∗
2 , i.e., we get Rokhlin elements {fg : g ∈ G} consist of mutually
orthogonal positive contractions in A satisfying the following:
(1) ‖(
∑
g∈G fg)a− a‖ <
ǫ
2K
for all a ∈ S,
(2) ‖αh(fg)− fhg‖ <
ǫ
2K
for h, g ∈ G,
(3) ‖[fg, a]‖ <
ǫ
2K
for g ∈ G and a ∈ S.
Now we check that the action (η, α) has the Rokhlin property with Rokhlin elements
{ag : g ∈ G} where ag := fg for each g ∈ G: Note that∥∥∥∥∥∑
g∈G
φ(ag)(a
j
1, a
j
2, . . . , a
j
n, . . .)− (a
j
1, a
j
2, . . . , a
j
n, . . .)
∥∥∥∥∥
=
∥∥∥∥∥
(∑
g∈G
fga
j
1 − a
j
1,
∑
g∈G
fga
j
2 − a
j
2, . . . ,
∑
g∈G
fga
j
n − a
j
n, . . .
)∥∥∥∥∥
=
∥∥∥∥∥
∞∑
n=1
[∑
g∈G
fga
j
n − a
j
n
]∗ [∑
g∈G
fga
j
n − a
j
n
]∥∥∥∥∥
1
2
<
Nj∑
n=1
∥∥∥∥∥∑
g∈G
fga
j
n − a
j
n
∥∥∥∥∥+
∥∥∥∥∥∑
n>Nj
[∑
g∈G
fga
j
n
]∗ [∑
g∈G
fga
j
n
]∥∥∥∥∥
1
2
+
∥∥∥∥∥∑
n>Nj
[∑
g∈G
fga
j
n
]∗
ajn
∥∥∥∥∥
1
2
+
∥∥∥∥∥∑
n>Nj
aj∗n
[∑
g∈G
fga
j
n
]∥∥∥∥∥
1
2
+
∥∥∥∥∥∑
n>Nj
aj∗n a
j
n
∥∥∥∥∥
1
2
8
<Nj∑
n=1
ǫ
2K
+
ǫ
2
< ǫ, and
‖(aj1, a
j
2, . . . , a
j
n, . . .)ag − φ(ag)(a
j
1, a
j
2, . . . , a
j
n, . . .)‖
= ‖(aj1ag − aga
j
1, a
j
2ag − aga
j
2, . . . , a
j
nag − aga
j
n, . . .)‖
<
Nj∑
n=1
‖ajnfg − fga
j
n‖+
ǫ
2
<
Nj∑
n=1
ǫ
2K
+
ǫ
2
< ǫ for all (aj1, a
j
2, . . . , a
j
n, . . .) ∈ S1 and g ∈ G.
It is easy to check other conditions of the definition of Rokhlin property and hence (η, α)
has the Rokhlin property.
3.3 Rokhlin property for induced actions on Cuntz-Pimsner
algebras
For a C∗-correspondence, Katsura [17] introduced the following associated C∗-algebra:
Definition 3.6. Let (E,A, φ) be a C∗-correspondence over a C∗-algebra A and B be a
C∗-algebra.
(1) A pair (π,Ψ) is called covariant representation of (E,A, φ) on B if π : A → B is a
∗-homomorphism and Ψ : E → B is a bounded linear map satisfying
(a) Ψ(x)∗Ψ(y) = π(〈x, y〉) for all x, y ∈ E,
(b) π(a)Ψ(x) = Ψ(φ(a)x) for all a ∈ A and x ∈ E,
(c) π(b) = ΠΨ(φ(b)) for all b ∈ JE where
JE := φ
−1(K(E)) ∩ (kerφ)⊥
and ΠΨ : K(E)→ B is a ∗-homomorphism defined by
ΠΨ(θx,y) := Ψ(x)Ψ(y)
∗ for x, y ∈ E.
The notation C∗(π,Ψ) denotes the C∗-algebra generated by the images of map-
pings π and Ψ in B.
(2) A covariant representation (πU ,ΨU) of a C
∗-correspondence (E,A, φ) is said to be
universal if for any covariant representation (π,Ψ) of (E,A, φ) on B, there exists a
natural surjection ψ : C∗(πU ,ΨU)→ C
∗(π,Ψ) such that π = ψ◦πU and Ψ = ψ◦ΨU .
We denote the C∗-algebra C∗(πU ,ΨU) by OE.
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In Lemma 2.6 of [9] Hao and Ng proved that each action (η, α) of a locally compact
group G on (E,A, φ) induces a C∗-dynamical system (G, γ,OE) such that γs(πU(a)) =
πU(αs(a)) and γs(ΨU(x)) = ΨU(ηs(x)) for all a ∈ A, x ∈ E and s ∈ G. The theorem
below shows that Definition 3.3 is the natural choice for Rokhlin property.
Theorem 3.7. Let (η, α) be an action of a finite group G on a C∗-correspondence
(E,A, φ). The following statements are equivalent:
(a) The action (η, α) has the Rokhlin property.
(b) The induced action γ of G on OE as mentioned above has the Rokhlin property
with Rokhlin elements from πU(A).
Proof. Let ǫ > 0 and let S = {b1, b2, . . . , bn} be any finite subset of OE . For each
1 ≤ j ≤ n there exist finite sets {xlj}1≤l≤lj ⊂ E and {a
m
j }1≤m≤mj ⊂ A such that
‖bj − pj(ΨU(x
l
j), πU(a
m
j ))‖ <
ǫ
3|G|
where
pj(ΨU(x
l
j), πU(a
m
j )) =
nj∑
i=1
λj,iuj,i,1uj,i,2 . . . uj,i,kj,i
is a finite linear combination of words uj,i,1uj,i,2 . . . uj,i,kj,i in the set
{ΨU(x
l
j),ΨU(x
l
j)
∗, πU(a
m
j ), πU(a
m
j )
∗ : 1 ≤ l ≤ lj , 1 ≤ m ≤ mj , 1 ≤ j ≤ n}.
Let S1 = {x
l
j}l,j, S2 = {a
m
j }m,j and Kj =
∑nj
i=1 |λj,i|‖uj,i,1‖‖uj,i,2‖ . . . ‖uj,i,kj,i‖. Set
K := 3
(
max
1≤j≤n
max
1≤i≤nj
kj,i
)(
max
1≤j≤n
Kj
)
. Since (η, α) has the Rokhlin property, there
exists (ag)g∈G ⊂ A consists of mutually orthogonal positive contractions such that
(1) ‖
∑
g∈G φ(ag)x− x‖ <
ǫ
K
, ‖
∑
g∈G xag − x‖ <
ǫ
K
,
‖
∑
g∈G aga− a‖ <
ǫ
K
and ‖
∑
g∈G aag − a‖ <
ǫ
K
for all x ∈ S1, a ∈ S2,
(2) ‖αh(ag)− ahg‖ <
ǫ
K
for h, g ∈ G,
(3) ‖xag − φ(ag)x‖ <
ǫ
K
and ‖aga− aag‖ <
ǫ
K
for all x ∈ S1, a ∈ S2 and g ∈ G.
We show that γ has the Rokhlin property with respect to (fg)g∈G where for each
g ∈ G, fg := πU(ag). For each g ∈ G, we have ‖fg‖ ≤ 1, and fg’s are mutually
orthogonal positive contractions. Further
(1) For each 1 ≤ j ≤ n,
‖
∑
g∈Gfgbj − bj‖ ≤ ‖
∑
g∈GπU (ag)bj −
∑
g∈GπU(ag)pj(ΨU(x
l
j), πU(a
m
j ))‖
+ ‖
∑
g∈GπU(ag)pj(ΨU(x
l
j), πU(a
m
j ))− pj(ΨU(x
l
j), πU(a
m
j ))‖
+ ‖pj(ΨU(x
l
j), πU(a
m
j ))− bj‖ < ǫ.
(2) For h, g ∈ G we have
‖γh(πU (ag))− πU(ahg)‖ = ‖πU(αh(ag))− πU(ahg)‖ < ǫ.
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(3) For 1 ≤ j ≤ n we get
‖πU(ag)bj − bjπU(ag)‖
= ‖πU(ag)bj − πU(ag)pj(ΨU(x
l
j), πU(a
m
j ))‖
+ ‖πU(ag)pj(ΨU(x
l
j), πU(a
m
j ))− pj(ΨU(x
l
j), πU(a
m
j ))πU (ag)‖
+ ‖pj(ΨU(x
l
j), πU(a
m
j ))πU(ag)− bjπU(ag)‖ < ǫ.
Thus γ has the Rokhlin property with Rokhlin elements from the C∗-algebra πU(A).
Conversely, let S1 and S2 be finite subsets of E and A respectively. Fix ǫ > 0 and
S := {ΨU(x), πU(〈x, x〉), πU(a), πU(a
∗) : x ∈ S1, a ∈ S2}.
Since γ has the Rokhlin property with Rokhlin elements from the C∗-algebra πU(A),
there exist mutually orthogonal positive contractions (πU(fg))g∈G ⊂ πU (A) satisfying
(1) ‖(
∑
g∈G πU (fg))a− a‖ < ǫ
′ for all a ∈ S,
(2) ‖αh(πU (fg))− πU (fhg)‖ < ǫ
′ for h, g ∈ G,
(3) ‖[πU(fg), a]‖ < ǫ
′ for g ∈ G and a ∈ S,
where ǫ′ = min{ǫ, ǫ
2
|G|+1
}. We show below that (η, α) has the Rokhlin property with
Rokhlin elements (fg)g∈G:
(1) For each x ∈ S1, a ∈ S2 we get∥∥∥∥∥∑
g∈G
φ(fg)x− x
∥∥∥∥∥ =
∥∥∥∥∥ΨU
(∑
g∈G
φ(fg)x− x
)∥∥∥∥∥
=
∥∥∥∥∥∑
g∈G
πU (fg)ΨU(x)−ΨU(x)
∥∥∥∥∥ < ǫ,∥∥∥∥∥∑
g∈G
xfg − x
∥∥∥∥∥
2
=
∥∥∥∥∥ ∑
g,g′∈G
〈xfg − x, xfg′ − x〉
∥∥∥∥∥
≤
∑
g′∈G
∥∥∥∥∥∑
g∈G
fg〈x, x〉 − 〈x, x〉
∥∥∥∥∥ ‖fg′‖+
∥∥∥∥∥∑
g∈G
fg〈x, x〉 − 〈x, x〉
∥∥∥∥∥
<(|G|+ 1)
(
ǫ2
|G|+ 1
)
= ǫ2,
‖
∑
g∈G
fga− a‖ =‖πU(
∑
g∈G
fga− a)‖ < ǫ and
‖
∑
g∈G
afg − a‖ =‖πU(
∑
g∈G
afg − a)‖ < ǫ;
(2) ‖αh(fg)− fhg‖ = ‖πU(αh(fg)− fhg)‖ = ‖γh(πU(fg))− πU(fhg)‖ < ǫ for h, g ∈ G;
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(3) For all x ∈ S1, a ∈ S2 and g ∈ G we obtain
‖xag − φ(fg)x‖ = ‖ΨU(xfg − φ(fg)x)‖
= ‖ΨU(x)πU (fg)− πU(fg)ΨU(x)‖ < ǫ
and
‖fga− afg‖ = ‖πU(fga− afg)‖ = ‖πU(fg)πU(a)− πU(a)πU (fg)‖ < ǫ.
Hence (η, α) has the Rokhlin property with Rokhlin elements (fg)g∈G.
3.4 Applications of our characterization
Katsura obtained several results about the nuclearity of the C∗-algebra OE associated
to a C∗-correspondence E in [19]. We discuss permanence properties of this notion and
several other notions for the C∗-algebra, associated to a C∗-correspondence, with respect
to the crossed product E×ηG of a C
∗-correspondence E for some action (η, α) of a finite
group G with Rokhlin property. The nuclear dimension of OE is estimated recently in
[4, Corollary 5.22].
Corollary 3.8. Assume (η, α) to be an action of a finite group G on a C∗-correspondence
(E,A, φ). If (η, α) has the Rokhlin property and if OE belongs to any one of the classes,
say C, listed in Theorem 2.3, then OE×ηG also belongs to the same class C.
Proof. Suppose action (η, α) has the Rokhlin property. By Theorem 3.7 the induced
action γ of G on OE has the Rokhlin property. Since OE belongs to the class C from
Theorem 2.3, from the remarks made just before this corollary it follows that OE ×γ G
also belongs to the same class. The C∗-algebras OE ×γ G and OE×ηG has been shown
to be isomorphic in [9, Theorem 2.10]. Hence OE×ηG also belongs to the same class.
A directed graph E = (E0, E1, r, s) consists of a countable vertex set E0, and a count-
able edge set E1, along with maps r, s : E1 → E0 describing the range and the source of
edges. We also assume that the directed graph is always row finite, i.e., for every vertex
v ∈ E0, the set s
−1(v) is a finite subset of E1. Let A denote the C
∗-algebra C0(E
0). A
graph C∗-algebra of the directed graph E (cf. [22]) is a universal C∗-algebra generated
by partial isometries {Se : e ∈ E
1} and projections {Pv : v ∈ E
0} such that
Se
∗Se = Pr(e) =
∑
s(f)=r(e)
SfSf
∗ for all e ∈ E1.
Since the graph is row finite, the summation is finite. We use the symbol C∗(E) to
denote the graph C∗-algebra of a directed graph E . The vector space Cc(E
1) becomes
an inner-product A-module with the following inner-product and module action:
〈f, g〉(v) :=
∑
e∈r−1(v)
f(e)g(e) for each v ∈ E0;
(fh)(e) := f(e)h(r(e)) for all e ∈ E1;
12
where f, g ∈ Cc(E
1) and h ∈ A. Let E(E) denote the completion of the inner-product
module Cc(E
1). Define φ : A → Ba(E(E)) by
φ(h)f(e) := h(s(e))f(e) for each e ∈ E1; f ∈ Cc(E
1); h ∈ A.
Thus (E(E),A, φ) is a C∗-correspondence and the graph C∗-algebra C∗(E) of a directed
graph E is always isomorphic to OE(E) (cf. [17, Proposition 3.10]).
Definition 3.9. Let E = (E0, E1, r, s) be a directed graph and let c from E1 to a countable
group G be a mapping. The skew-product graph is the graph E(c) = (G×E0, G×E1, r′, s′)
where r′(g, e) := (gc(e), r(e)) and s′(g, e) := (g, s(e)) for all g ∈ G; e ∈ E1.
For a given countable abelian group G and a function c : E1 → G, we can define an
action γc of Ĝ on C∗(E) (cf. [22, Corollary 2.5]) by
γcχ(Se) := 〈χ, c(e)〉Se for each χ ∈ Ĝ, e ∈ E
1.
Let α be the trivial action of Ĝ on A and let η be an action of Ĝ on E(E) defined by
ηχ(f)(e) := 〈χ, c(e)〉f(e) for each χ ∈ Ĝ, e ∈ E
1, f ∈ Cc(E
1).
From [9, Corollary 2.11] it follows that γc coincides with the action of G on OE(E) induced
by the action (η, α).
Proposition 3.10. Let E = (E0, E1, r, s) be a directed graph, G be a finite abelian group
and c : E1 → G be a function. Let (η, α) be an action of Ĝ on the C∗-correspondence
E(E) defined in the previous paragraph. Then (η, α) does not have the Rokhlin property.
Proof. Since α is the trivial action of Ĝ on A, we have
‖αg(fs)− fgs‖ = ‖fs − fgs‖ = ‖fs + fgs‖
≥ max {‖fs‖, ‖fgs‖} for all s, g ∈ Ĝ;
1 =
∥∥∥∥∥∥
∑
s∈Ĝ
fs
∥∥∥∥∥∥ ≤
∑
s∈Ĝ
‖fs‖ .
Thus α does not have the Rokhlin property. It follows that the condition (2) in Definition
3.3 is not satisfied, and hence the α-compatible action (η, α) does not have the Rokhlin
property.
Corollary 3.11. Let E = (E0, E1, r, s) be a directed graph, G be a finite abelian group
and c : E1 → G be a function. Let (η, α) be an action of Ĝ on the C∗-correspondence
E(E). Then the induced action γc of Ĝ on C∗(E) does not have the Rokhlin property with
Rokhlin elements from πU(A).
Proof. Suppose that the induced action γc of Ĝ on C∗(E) has the Rokhlin property with
Rokhlin elements from πU(A). From [9, Corollary 2.11] we have
γcχ(πU(δv)) = πU(αχ(δv)) = πU (δv) for v ∈ E
0,
γcχ(ΨU(δe)) = 〈χ, c(e)〉(ΨU(δe)) = ΨU(ηχ(δe)) for e ∈ E
1,
for χ ∈ Ĝ. Then Rokhlin elements belong to the fixed point algebra C∗(E(c))γ
c
. There-
fore the action γc does not satisfy the condition (2) in Definition 2.1, and we have a
contradiction.
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4 Rokhlin property for group actions on Hilbert bi-
modules
Analogous to a right Hilbert A-module, a left Hilbert A-module is defined as a left A-
module with the positive definite form
A
〈·, ·〉 : E × E → A which is, conjugate-linear in
the second variable, linear in the first variable and we have
A
〈ax, y〉 = a
A
〈x, y〉 for x, y ∈ E, a ∈ A.
Definition 4.1. Let A and B be two C∗-algebras. A left Hilbert B-module E is called
Hilbert B-A bimodule if it is also a right Hilbert A-module satisfying
B
〈x, y〉z = x〈y, z〉
A
for x, y, z ∈ E.
On a Hilbert bimodule we consider actions of a locally compact group similar to
those introduced in Definition 3.2.
Definition 4.2. Let (G,α,A) and (G, β,B) be C∗-dynamical systems of a locally com-
pact group G and let E be a B-A Hilbert bimodule. A β-compatible action (respectively
an α-compatible action) η of G on E is defined as a group homomorphism from G into
the group of invertible linear transformations on E such that
(1) ηg(bx) = βg(b)ηg(x) (respectively ηg(xa) = ηg(x)αg(a)),
(2)
B
〈ηg(x), ηg(y)〉 = βg(B〈x, y〉) (respectively 〈ηg(x), ηg(y)〉A = αg(〈x, y〉A))
for a ∈ A, b ∈ B, x, y ∈ E, g ∈ G; and g 7→ ηg(x) is continuous from G into E for
each x ∈ E. The combination of these two compatibility conditions will be simply called
(β, α)-compatibility.
Consider a (β, α)-compatible action η of a locally compact group G on the B-A
Hilbert bimodule E. The crossed product bimodule E ×η G (cf. [16, 5]) is an B ×β G-
A×α G Hilbert bimodule obtained by completion of Cc(G,E) such that
(lg)(s) =
∫
G
l(t)αt(g(t
−1s))dt, (fm)(s) =
∫
G
f(t)ηt(m(t
−1s))dt,
〈l, m〉
A×αG
(s) =
∫
G
αt−1(〈l(t), m(ts)〉A)dt,
B×βG
〈l, m〉(s) =
∫
G
B
〈l(st−1), ηs(m(t
−1))〉dt
for all f ∈ Cc(G,B), g ∈ Cc(G,A) and l, m ∈ Cc(G,E).
If E is a (right) Hilbert A-module, then E is aK(E)-A Hilbert bimodule with respect
to
K(E)
〈x, y〉 = θx,y for all x, y ∈ E. Moreover, we can associate a C
∗-algebra called the
linking algebra, defined by
LE :=
(
K(E) E
E∗ A
)
⊂ K(E ⊕A) (4.1)
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(cf. [30, p. 50]), to each (right) Hilbert A-module E. Let (G,α,A) be a C∗-dynamical
system and η be an α-compatible action of G on E. For each s ∈ G, let us define
Adηs(t) := ηstηs−1 for t ∈ K(E) where η
∗
s(x
∗) := ηs(x)
∗ for x ∈ E. Indeed, η is also
an (Adη, α)-compatible action and we get the induced action θ of G on LE (cf. [5, 23])
defined by
θs
(
t x
y∗ a
)
:=
(
Adηst ηs(x)
η∗s(y
∗) αs(a)
)
.
for all s ∈ G, t ∈ K(E), a ∈ A and x, y ∈ E. We denote this C∗-dynamical system by
(G, θ,LE).
4.1 Rokhlin property for induced finite group actions on link-
ing algebras
Analogous to Definition 3.3 the Rokhlin property for finite group actions on Hilbert
bimodules is defined as follows:
Definition 4.3. Let (G,α,A) and (G, β,B) be C∗-dynamical systems of a finite group
G and let E be a B-A Hilbert bimodule. Assume η to be a (β, α)-compatible action of G
on E. We say that η has the Rokhlin property if for each ǫ > 0 finite subsets S1 and S2
of E, and finite subsets S3 and S4 of B and A respectively, there are sets (ag)g∈G ⊂ A
and (bg)g∈G ⊂ B consisting of mutually orthogonal positive contractions such that
1. ‖
∑
g∈G agu− u‖ < ǫ for all u ∈ S
∗
2 ∪ S4, ‖
∑
g∈G bgv − v‖ < ǫ for all v ∈ S1 ∪ S3.
2. ‖αh(ag)− ahg‖ < ǫ and ‖βh(bg)− bhg‖ < ǫ for h, g ∈ G,
3. ‖xag − bgx‖ < ǫ, ‖tbg − bgt‖ < ǫ and
‖aga − aag‖ < ǫ, ‖agy
∗ − y∗bg‖ < ǫ for all x ∈ S1, y ∈ S2, t ∈ S3, a ∈ S4 and
g ∈ G.
Following theorem justifies the choice of this version of Rokhlin property for group
actions on a bimodule:
Theorem 4.4. Let E be a Hilbert A-module where A is C∗-algebra. Suppose α : G →
Aut(A) is an action of a finite group G and η is an α-compatible action of G on E.
Then the following statements are equivalent:
(a) η has the Rokhlin property as an (Adη, α)-compatible action.
(b) The action θ of G on LE induced by η has the Rokhlin property with Rokhlin
elements coming from the C∗-subalgebra
(
K(E) 0
0 A
)
of LE.
Proof. Let ǫ > 0 be given and S =
{(
ti xi
y∗i a
′
i
)
: i = 1, 2, . . . , n
}
be any finite subset
of LE . Consider S1 = {x1, x2, . . . , xn}, S2 = {y1, y2, . . . , yn}, S3 = {t1, t2, . . . , tn} and
S4 = {a
′
1, a
′
2, . . . , a
′
n}. Suppose η has the Rokhlin property as an (Adη, α)-compatible
action, there are sets (ag)g∈G ⊂ A and (bg)g∈G ⊂ K(E) consisting of mutually orthogonal
positive contractions such that
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(1) ‖
∑
g∈G agu− u‖ <
ǫ
4
for all u ∈ S∗2 ∪ S4, ‖
∑
g∈G bgv − v‖ <
ǫ
4
for all v ∈ S1 ∪ S3.
(2) ‖αh(ag)− ahg‖ <
ǫ
4
and ‖βh(bg)− bhg‖ <
ǫ
4
for h, g ∈ G,
(3) ‖xag − bgx‖ <
ǫ
4
, ‖tbg − bgt‖ <
ǫ
4
and
‖aga − aag‖ <
ǫ
4
, ‖agy
∗ − y∗bg‖ <
ǫ
4
for all x ∈ S1, y ∈ S2, t ∈ S3, a ∈ S4 and
g ∈ G.
We prove that the action θ of G on LE induced by η has the Rokhlin property with
respect to (fg)g∈G where
fg :=
(
bg 0
0 ag
)
. For each g ∈ G, ‖fg‖ = sup‖(x,a)‖≤1
∥∥∥∥(bg 00 ag
)(
x
a
)∥∥∥∥ ≤ 1. Further for
g, h ∈ G with g 6= h we get
fgfh =
(
bg 0
0 ag
)(
bh 0
0 ah
)
= 0.
Now we verify conditions (1)-(3) of Definition 2.1:
(1)
∥∥∥∥∑g∈G fg ( ti xiy∗i a′i
)
−
(
ti xi
y∗i a
′
i
)∥∥∥∥
=
∥∥∥∥∑g∈G(bg 00 ag
)(
ti xi
y∗i a
′
i
)
−
(
ti xi
y∗i a
′
i
)∥∥∥∥ < ǫ.
(2) For t, g ∈ G, we have
‖θh(fg)− fhg‖ =
∥∥∥∥θh(bg 00 ag
)
−
(
bhg 0
0 ahg
)∥∥∥∥
=
∥∥∥∥(ηhbgη∗h 00 αg(ag)
)
−
(
bhg 0
0 ahg
)∥∥∥∥ < ǫ.
(3) For each g ∈ G and 1 ≤ i ≤ n, we get∥∥∥∥[fg,( ti xiy∗i a′i
)]∥∥∥∥ = ∥∥∥∥(bg 00 ag
)(
ti xi
y∗i a
′
i
)
−
(
ti xi
y∗i a
′
i
)(
bg 0
0 ag
)∥∥∥∥
=
∥∥∥∥( bgti agxiagy∗i aga′i
)
−
(
tibg xiag
y∗i bg a
′
iag
)∥∥∥∥ < 4(ǫ/4) = ǫ.
Conversely, let ǫ > 0 and let S1, S2 be finite subsets of E. Let S3 and S4 be finite
subsets of K(E) and A, respectively. Choose
S =
{(
t 0
0 0
)
,
(
0 x
0 0
)
,
(
0 0
y∗ 0
)
,
(
0 0
0 a
)
: x ∈ S1, y ∈ S2, t ∈ K(E), a ∈ A
}
.
Suppose θ has the Rokhlin property with Rokhlin elements
{(
bg 0
0 ag
)
: g ∈ G
}
⊂
(
K(E) 0
0 A
)
⊂ LE with respect to the set S and ǫ > 0. Then it is easy to verify
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that η has the Rokhlin property as an (Adη, α)-compatible action with the positive
contractions (ag)g∈G ⊂ A and (bg)g∈G ⊂ K(E) with respect to the sets S1, S2, S3 and
S4 on noting that the steps and arguments of the first part of this proof can be carried
out in the reverse order.
Let E be a Hilbert A-module. There are several examples of C∗-algebras A for
which nuclear dimension of LE is at most n. One way to obtain it is by considering
A with nuclear dimension at most n, because from the fact that A is a full hereditary
C∗-subalgebra of LE it follows that the nuclear dimension of LE is at most n (see [37,
Corollary 2.8]).
Corollary 4.5. Let (G,α,A) be a C∗-dynamical system where G is finite group and
n ∈ N ∪ {0}. Let E be a Hilbert A-module. Assume η to be an action of G on E which
has the Rokhlin property as an (Adη, α)-compatible action and A belongs to any one of
the classes, say C, listed in Theorem 2.3, then LE×ηG also belongs to the same class C.
Proof. It follows from Theorem 4.4 that the induced action θ on LE has the Rokhlin
property. Since A is a full hereditary subalgebra of LE , the linking algebra LE belongs to
the class C from Theorem 2.3, then LE ×θ G also belongs to the same class. We identify
LE ×θ G and LE×ηG (cf. the proof of [5, Theorem 4.1]). Hence LE×ηG also belongs to
the same class.
4.2 Rokhlin property for induced actions of Z on linking alge-
bras
Next we investigate the case where action is of the infinite discrete group Z over a Hilbert
bimodule E instead of action of finite group on E. Indeed, we use notation η for η1 and
α for α1. We first recall the definition of the Rokhlin property for the automorphisms
on C∗-algebras from [2].
Definition 4.6. Let A be a C∗-algebra and α ∈ Aut(A). We say that α has the Rokhlin
property if for any positive integer p, any finite set S ⊂ A, and any ǫ > 0, there are
mutually orthogonal positive contractions e0,0, . . . , e0,p−1, e1,0, . . . , e1,p such that
(1)
∥∥∥(∑1r=0∑p−1+rj=0 er,j) a− a∥∥∥ < ǫ for all a ∈ S,
(2) ‖[er,j , a]‖ < ǫ for all r, j and a ∈ S,
(3) ‖α(er,j)a− er,j+1a‖ < ǫ for all a ∈ S, r = 0, 1 and j = 0, 1, . . . , p− 2 + r,
(4) ‖α(e0,p−1 + e1,p)a− (e0,0 + e1,0)a‖ < ǫ for all a ∈ S.
We call elements e0,0, . . . , e0,p−1, e1,0, . . . , e1,p the Rokhlin elements for α.
Definition 4.7. Let (Z, α,A) and (Z, β,B) be C∗-dynamical systems. Suppose E is a
Hilbert B-A bimodule and η is a (β,α)-compatible automorphism of E. We say that η
has the Rokhlin property if for any ǫ > 0, any positive integer p, any finite subsets S1
and S2 of E, and any finite subsets S3 and S4 of B and A respectively, there are sets
consisting of mutually orthogonal positive contractions {a0,0, . . . , a0,p−1, a1,0, . . . , a1,p} ⊂
A and {b0,0, . . . , b0,p−1, b1,0, . . . , b1,p} ⊂ B such that
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1. bi,jbi′,j′ = 0 and ai,jai′,j′ = 0 if (i, j) 6= (i
′, j′).
2.
∥∥∥∑1r=0∑p−1+rj=0 br,jv − v∥∥∥ < ǫ, ∥∥∥∑1r=0∑p−1+rj=0 ar,ju− u∥∥∥ < ǫ for all v ∈ S1 ∪ S3,
u ∈ S∗2 ∪ S4.
3. ‖xar,j − br,jx‖ < ǫ, ‖ar,jy
∗ − y∗br,j‖ < ǫ, ‖bbr,j − br,jb‖ < ǫ, ‖ar,ja− aar,j‖ < ǫ
for all x ∈ S1, y ∈ S2, b ∈ S3, a ∈ S4 and for all r, j.
4. ‖β(br,j)v − br,j+1v‖ < ǫ , ‖α(ar,j)u− ar,j+1u‖ < ǫ
for all v ∈ S1 ∪ S3, u ∈ S
∗
2 ∪ S4; r = 0, 1 and j = 0, . . . , p− 2 + r.
5. ‖β(b0,p−1 + b1,p)v − (b0,0 + b1,0)v‖ < ǫ,
‖α(a0,p−1 + a1,p)u− (a0,0 + a1,0)u‖ < ǫ for all v ∈ S1 ∪ S3, u ∈ S
∗
2 ∪ S4.
The following observation is a justification for the choice of the above definition of
Rokhlin property for actions of Z on a bimodule:
Theorem 4.8. Suppose (Z, α,A) is a C∗-dynamical system. Assume E to be a Hilbert
A-module and η to be an automorphism on E. The following statements are equivalent:
(a) η has the Rokhlin property as an (Adη,α)-compatible automorphism.
(b) The automorphism θ in Aut(LE) induced by η has the Rokhlin property with
Rokhlin elements coming from the C∗-subalgebra
(
K(E) 0
0 A
)
of LE.
Proof. Let ǫ > 0 be given and S =
{(
ti xi
y∗i ai
)
: i = 1, 2, . . . , n
}
be any finite subset
of LE . Consider S1 = {x1, x2, . . . , xn}, S2 = {y1, y2, . . . , yn}, S3 = {t1, t2, . . . , tn} and
S4 = {a1, a2, . . . , an}. Suppose η has the Rokhlin property, there are sets consist of
mutually orthogonal positive contractions {a0,0, . . . ,
a0,p−1, a1,0, . . . , a1,p} ⊂ A and {b0,0, . . . , b0,p−1, b1,0, . . . , b1,p} ⊂ K(E) such that
(1) bi,jbi′,j′ = 0 and ai,jai′,j′ = 0 if (i, j) 6= (i
′, j′).
(2)
∥∥∥∑1r=0∑p−1+rj=0 br,jv − v∥∥∥ < ǫ4 , ∥∥∥∑1r=0∑p−1+rj=0 ar,ju− u∥∥∥ < ǫ4 for all v ∈ S1 ∪ S3,
u ∈ S∗2 ∪ S4.
(3) ‖xar,j − br,jx‖ <
ǫ
4
, ‖ar,jy
∗ − y∗br,j‖ <
ǫ
4
, ‖bbr,j − br,jb‖ <
ǫ
4
, ‖ar,ja− aar,j‖ <
ǫ
4
for all x ∈ S1, y ∈ S2, b ∈ S3, a ∈ S4 and for all r, j.
(4) ‖β(br,j)v − br,j+1v‖ <
ǫ
4
, ‖α(ar,j)u− ar,j+1u‖ <
ǫ
4
for all v ∈ S1 ∪ S3, u ∈ S
∗
2 ∪ S4; r = 0, 1 and j = 0, . . . , p− 2 + r.
(5) ‖β(b0,p−1 + b1,p)v − (b0,0 + b1,0)v‖ <
ǫ
4
,
‖α(a0,p−1 + a1,p)u− (a0,0 + a1,0)u‖ <
ǫ
4
for all v ∈ S1 ∪ S3, u ∈ S
∗
2 ∪ S4.
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We verify that the action θ of G on LE induced by η has the Rokhlin property as an
(Adη, α)-compatible automorphism with respect to e0,0, . . . , e0,p−1, e1,0, . . . ,
e1,p where ei,j :=
(
bi,j 0
0 ai,j
)
. For each (i, j),
‖ei,j‖ = sup
‖(x,a)‖≤1
∥∥∥∥(bi,j 00 ai,j
)(
x
a
)∥∥∥∥ ≤ 1.
For (i, j) 6= (i′, j′) we have
ei,jei′,j′ =
(
bi,j 0
0 ai,j
)(
bi′,j′ 0
0 ai′,j′
)
=
(
bi,jbi′,j′ 0
0 ai,jai′,j′
)
= 0.
We verify conditions (1)-(4) of Definition 4.6 below:
(1) For 1 ≤ i ≤ n we get∥∥∥∥(∑1r=0∑p−1+rj=0 er,j)( ti xiy∗i ai
)
−
(
ti xi
y∗i ai
)∥∥∥∥
=
∥∥∥∥(∑1r=0∑p−1+rj=0 (br,j 00 ar,j
))(
ti xi
y∗i ai
)
−
(
ti xi
y∗i ai
)∥∥∥∥ < 4× ǫ/4 = ǫ.
(2) For all r, j we have∥∥∥∥[er,j,( ti xiy∗i ai
)]∥∥∥∥
=
∥∥∥∥(br,j 00 ar,j
)(
ti xi
y∗i ai
)
−
(
ti xi
y∗i ai
)(
br,j 0
0 ar,j
)∥∥∥∥ < 4× ǫ/4 = ǫ.
(3) For r = 0, 1 and j = 0, . . . , p− 2 + r, we have∥∥∥∥θ(er,j)( ti xiy∗i ai
)
− er,j+1
(
ti xi
y∗i ai
)∥∥∥∥
=
∥∥∥∥(η(br,j)η∗ 00 α(ar,j)
)(
ti xi
y∗i ai
)
−
(
br,j+1 0
0 ar,j+1
)(
ti xi
y∗i ai
)∥∥∥∥ < ǫ.
(4) For 1 ≤ i ≤ n, we get∥∥∥∥θ(e0,p−1 + e1,p)( ti xiy∗i ai
)
− (e0,0 + e1,0)
(
ti xi
y∗i ai
)∥∥∥∥
=
∥∥∥∥(η(b0,p−1 + b1,p)η∗ 00 α(a0,p−1 + a1,p)
)(
ti xi
y∗i ai
)
−
(
b0,0 + b1,0 0
0 a0,0 + a1,0
)(
ti xi
y∗i ai
)∥∥∥∥ < ǫ.
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Conversely, let S1 ∪ S2, S3 and S4 be finite subsets of E, K(E) and A, respectively.
Let
S =
{(
t 0
0 0
)
,
(
0 x
0 0
)
,
(
0 0
y∗ 0
)
,
(
0 0
0 a
)
: x ∈ S1, y ∈ S2, t ∈ K(E), a ∈ A
}
.
Suppose θ has the Rokhlin property with Rokhlin elements
(
b0,0 0
0 a0,0
)
,(
b0,1 0
0 a0,1
)
, . . . ,
(
b0,p−1 0
0 a0,p−1
)
,
(
b1,0 0
0 a1,0
)
,
(
b1,1 0
0 a1,1
)
, . . . ,
(
b1,p 0
0 a1,p
)
coming
from the C∗-algebra
(
K(E) 0
0 A
)
⊂ LE with respect to the set S and any ǫ > 0. Then
it is easy to check that η has the Rokhlin property as an (Adη, α)-compatible action
with the positive contractions {a0,0, . . . , a0,p−1, a1,0, . . . , a1,p} ⊂ A and {b0,0, . . . , b0,p−1,
b1,0, . . . , b1,p} ⊂ K(E) with respect to the sets S1 ∪ S2, S3 and S4 on observing that
the steps and arguments of the first part of this proof can be carried out in the reverse
order.
We recall the definition of D-absorbing (cf. [11]).
Definition 4.9. A separable, unital C∗-algebra D ≇ C is strongly self-absorbing if there
exists an isomorphism ϕ : D → D ⊗ D such that ϕ and idD ⊗ 1D are approximately
unitarily equivalent ∗-homomorphisms. If D is a strongly self-absorbing C∗-algebra, we
say that a C∗-algebra A is D-absorbing if A ∼= A⊗D.
In the following we observe a permanence property of the D-absorbing property with
respect to the crossed product E×ηZ of a bimodule E for an (Adη, α)-compatible action
with Rokhlin property:
Corollary 4.10. Assume (Z, α,A) to be a C∗-dynamical system. Let η be an α-
compatible automorphism on a Hilbert A-module E and let D be a strongly self-absorbing
C∗-algebra. If η ∈ Aut(E) has the Rokhlin property as an (Adη, α)-compatible action
and let A be separable and D-absorbing, then LE×ηZ is D-absorbing.
Proof. By Theorem 4.8 the induced automorphism θ on LE has the Rokhlin property.
Since A is a full hereditary C∗-subalgebra of LE , LE is separable and D-absorbing,
LE ×θ Z is D-absorbing (cf. [2, Theorem 1.9]). We identify LE ×θ Z and LE×ηZ (cf. the
proof of [5, Theorem 4.1]) and hence LE×ηZ is D-absorbing.
5 Outerness for group actions on Hilbert bimodules
In this section we define and explore outer actions of a locally compact group on a
Hilbert bimodule.
Definition 5.1. Let (G,α,A) and (G, β,B) be unital C∗-dynamical systems of a locally
compact group G and let E be a B-A Hilbert bimodule. Let u and u′ be two unitaries in
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A and B, respectively. Define an (Ad(u′), Ad(u))-compatible automorphism Ad(u′, u) :
E → E by
Ad(u′, u)(x) = u′∗xu for each x ∈ E.
Let η be an (β, α)-compatible action of G on E. We say that η is outer if for each
t ∈ G \ {e} we have ηt 6= Ad(u
′, u) for any unitaries u ∈ A and u′ ∈ B, where e denotes
the identity of G.
In a B-A Hilbert bimodule, it was pointed out in [3, p. 1152] that
B
〈xa, y〉 =
B
〈x, ya∗〉 and 〈bx, y〉
A
= 〈x, b∗y〉
A
for all x, y ∈ E; a ∈ A; b ∈ B.
Indeed, using these conditions in the following computations we show that
Ad(u′, u) is an (Ad(u′), Ad(u))-compatible automorphism:
(1) For x ∈ E, a ∈ A and b ∈ B we get
Ad(u′, u)(x)Ad(u)(a) = u′∗xuu∗au = u′∗xau = Ad(u′, u)(xa),
Ad(u′)(b)Ad(u′, u)(x) = u′∗bu′u′∗xu = u′∗bxu = Ad(u′, u)(bx).
(2) For each x, y ∈ E we have
〈Ad(u′, u)(x), Ad(u′, u)(y)〉
A
= 〈u′∗xu, u′∗yu〉
A
= 〈xu, u′u′∗yu〉
A
= 〈xu, yu〉
A
= u∗〈x, y〉
A
u = Ad(u)(〈x, y〉
A
),
B
〈Ad(u′, u)(x), Ad(u′, u)(y)〉 =
B
〈u′∗xu, u′∗yu〉 =
B
〈u′∗x, u′∗yuu∗〉 =
B
〈u′∗x, u′∗y〉
= u′∗
B
〈x, y〉u′ = Ad(u′)(
B
〈x, y〉).
We check our definition of outerness for group actions on Hilbert bimodules is com-
patible with the definition of outerness for group actions on C∗-algebras as follows: If
A = B, then A naturally becomes an A-A Hilbert bimodule. In this case we fix (G,α,A)
and take η = β = α. If η is not outer, then ηs = Ad(u
′, u) for some s ∈ G, u ∈ A, u′ ∈ B.
Further from the above computations, this gives u = u′ and βs = αs = Ad(u). Thus α
can not be outer. Hence α is outer implies η is outer.
The following proposition says that outerness for group actions on Hilbert bimodules
is a weaker notion than outerness for group actions on C∗-algebras.
Proposition 5.2. Suppose (G,α,A) and (G, β,B) are unital C∗-dynamical systems of a
locally compact group G and E is a B-A Hilbert bimodule. Let η be an (β, α)-compatible
action of G on E. If E is full with respect to both the inner products, and if α or β is
outer, then η is outer.
Proof. Let s ∈ G \ {e} and let us and u
′
s be unitaries in A. If ηs = Ad(u
′
s, us), then for
each x, y ∈ E we get
‖αs(〈x, y〉A)− u
∗
s〈x, y〉Aus‖ = ‖〈ηs(x), ηs(y)〉A − u
∗
s〈x, y〉Aus‖
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= ‖〈ηs(x), ηs(y)〉A − 〈xus, yus〉A‖
= ‖〈ηs(x), ηs(y)〉A − 〈xus, u
′
su
′∗
s yus〉A‖
= ‖〈ηs(x), ηs(y)〉A − 〈u
′∗
s xus, u
′∗
s yus〉A‖ = 0.
Similarly if ηs = Ad(u
′
s, us), then we obtain βs(B〈x, y〉) = u
′∗
s (B〈x, y〉)u
′
s for each x, y ∈
E.
Corollary 5.3. Suppose (G,α,A) and (G, β,B) are unital C∗-dynamical systems of a
finite group G and E is a B-A Hilbert bimodule. Let η be an (β, α)-compatible action
of G on E. If E is full with respect to both the inner products, and if η has the Rokhlin
property, then η is outer.
Proof. Since η is an (β, α)-compatible action of the finite group G on E with the Rokhlin
property, it follows from Definition 4.3 that β and α have the Rokhlin property. This im-
plies that β and α are outer (cf. [34, Proposition 2]). Therefore η is outer by Proposition
5.2.
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